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Abstract. The Green function for a charged spe}nparticle with anomalous magnetic moment
in the presence of a plane-wave external electromagnetic field is calculated and shown to be simply
related to the free-particle one.

1. Introduction

The Dirac equation for acharged sp}rparticle in an external plane-wave electromagnetic field
was solved by Volkov [1] and the corresponding Green function was obtained by Schwinger
[2]. Vaidyaet al[3] and Vaidya and Hott [4] obtained by an algebraic method the relationship
of this Green function with the free-particle one.

The solution of the Dirac—Pauli equation for a charged s})tr&rticle with an anomalous
magnetic moment in an external field of a somewhat general type (which includes the plane-
wave field as a special case) was obtained by Chakrabarti [5]. Later Alan and Barut [6],
Sen Gupta [7] and Melikian and Barber [8] considered the same problem. The Green function,
however, has not been calculated before.

In this paper we calculate the Green function for a charged J;nilafrticle with an
anomalous magnetic moment in an external plane-wave electromagnetic field. We show that
in this case the Green function is also related to that for a free particle in a simple manner. We
also indicate how to solve the Dirac—Pauli equation exactly, thus obtaining a generalization of
the Volkov solution.

This paper is organized as follows. In section 2 we formulate the problem and show how
the charged particle problem can be reduced to the neutral particle one. In section 3 we obtain
the Green function for the neutral particle by Schwinger’s proper time method and show how it
is related to the free-particle one. In section 4 the corresponding results for a charged particle
are obtained. Section 5 contains a summary and a discussion of the results.
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2. Formulation of the problem
The Green function for a charged spérparticle with an anomalous magnetic moment in an

external electromagnetic fielH satisfies the equation (we use the notation of Bjorken and
Drell [9]),

(y" (i 8)?’# - eA,L(x/)) —ao - F(x') — m)G(x/, X"y =8(x"—x") (1)

whereo - F(x') = o""Fy,(x") and F,,(x') = 9,A, — 9, A, where A*(x") is the vector
potential.

The parameteu is related to the anomalous magnetic moment of the particle. The total
magnetic moment is + 2a measured in units affi/2mec.

Writing

G, x") = (x'|G|x") 2
wherex|x’) = x’|x’) we obtain
G=(Gt—ao -F—m)™* (3)

whererr, = p, —eA,(x) and [p,, x,] = igu..
We restrict our attention to the case of a plane-wave field of the form [2]

Fuu = [uF @ = ' @
where¢ = n - x. The wavevector and the numerical tensgi*” satisfy the equations
n?>=0
n f* =0 (5)
n, ' f* =0
where
=3 fop (6)

ande®23 = 1. In matrix notation ¢/ is theu—v matrix element off) we have with a choice
of a normalization,

(fH" = n*n,

Cf3y = n"n, 7
CrhH=0.
Next using the relation
yho =i(ghyP —gy) — Py, ps (8)
we have
fo - f=0. 9)

Finally, the anticommutation relations

{U/uh Oup }+ = ZiE/LvaﬂVS + Z(g;wzguﬂ - guﬂgua) (10)
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give
(- f)?=0. (11)

The problem formulated above can be simplified by using the results of Veaidgld3]
and Vaidya and Hott [4] who have shown that for the external field of equation (4),

t=Uvpuv)™ (12)
In the coordinate gauge the vector potential may be chosen as
Au(x) = fuv(x — x0)" x (&, &) (13)
where
A(§) 1 [ 5
, = - A(n)dn. 14
x (. %) Fg G807l (n) dn (14)

Herexg is an arbitrary reference point. Then one has

U, &) = exp%[r@, EAE. Eo) - p+ 1eQ (6. £0)]
Cx = AG) — (¢ — £0)x (15)

Q( °>—fEA2(>d ! (/5A<)d>2
£, & =), Aman =g, Awdn)

Also,

V(E, p) = exp[iem} (16)
4n - p

Equation (12) leads to the Green functionfora sé'mharged particle in an external plane-wave
field in agreement with Schwinger’s result.
Since

[UV,o-F]=0 (17)
it follows that
G=UV(p—aoc-F—-—m)Ywv)™ (18)

Thus the Green function for a charged séiparticle with an anomalous magnetic moment in
a plane-wave field may be obtained from that of a neutral particle with an anomalous magnetic
moment in the same field.

3. Calculation of the Green function for a neutral particle

In this section we calculate the Green function for a neutral %pjanicle with an anomalous
magnetic moment in an external plane-wave electromagnetic fiddg Schwinger’s proper
time method. We also show that it is related to the free-particle Green function in a simple
manner.

Writing Gy in place ofG in equation (3), we consider the integral representation

o0
Go=—i(p —ao - F +m)/ ds g s (H+m?)
0

= —i / ds eﬁis(h”mz)(lé —ao - F+m) (29)
0
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where
—H = (p—ao - F(x))2 (20)
For a plane wave, equations (8) and (11) give

—H = p? +4aF &) " fup"y"vs. (21)
Next, defining(x’, s| = (x| exp(—is H) the transformation functiofx’, s|x”, 0) satisfies the
differential equation

9, (x’, s|x”, 0y = (x', s|H|x", 0). (22)

To evaluate the matrix element on the right-hand side we must solve the equations of motion
for thes(proper time) dependent operators and obtain the evolution opéfatoans-ordered
form. This will be done next. In the following we omit the time argument for quantities at
time zero.

The equations of motion are

d
ap”(s) = —4an"F/(§(S)) C(S)

d :
—s(s) = —8iaF (§(s)) C(s) ys(s)

@ (23)
g7/ ) = —8iaFE) " puls) vs(s)
d—dSX"(S) = 2p"(s) +4aF (§(s) " [ yu () vs(s)
where we have defined
C(s) ="f"" pu(s) vu(s) ys(s). (24)
The operatolC has the property
C)? = (n-p()? (25)

where as usual we do not write the unit matrix explicitly on the right-hand side. Using the
equations of motion one can verify th@tis a constant of motion. A simpler proof is the fact
that it commutes withH{. Obviously, we also have

n-ps)y=n-p (26)
as confirmed by the first equation of motion. The last equation of the set gives

d
Eé(s) =2n-p

(27)
E(s)=&+2n-ps
which gives
[£(s),&] =0. (28)
Integrating the first equation of the set (23) gives
p'(s) = pt = =2a(n - p)H(F (§(s) — F(§)) Cn". (29)

Next, defining
n(s) = —4iaC(n - p)~H(A(s) — A(§)) (30)



Anomalous magnetic moment in an electromagnetic field 6609

we obtain from the second and third equations

¥5(s) = ysexXp[=n(s)]

e\ oo % LA -1 (32)

yH(s) = y" +7 1 p,C [exp(n(s) — D] ys.
Finally, the last equation of the set gives
Xt (s) — x" = 2ps + 4aC(n - p) " F (&) sn*

—i/2(n - p) T n" =y ysCn - p) ML — exp(—n)]. (32)
Using the last equation we obtain

25C ="f""(x(s) = X)unv¥s (33)
and

4s2p? = (x(s) — x)2 — 16aCF (§) s°. (34)
Substitution of these results into equation (20) gives

= EO 0 (Sis; i (35)
which may be put in an ordered form by using equation (32), which gives

[x"(s). x,] = 8is. (36)
Hence

9, (x, s|x”, 0) = —[(";—f”)z + %:|(x’, slx”, 0). 37)
Integrating the above equation we have

(', s]x”, 0) = (4;—;)2 exp[—i(x,;r—sxw)z}@(x/, X (38)

where the multiplicative constant has been chosen to give the correct behaviour fos small
(8(x" — x")) except for the presence &f. The (matrix) functiond (x’, x”) may be determined
by using equation (37) and the equations

(', s|p"(s)Ix", 0) = 19" (x", 5]x", O)

. (39)
(x', s|p*|x”, 0y = —id"™™(x', s|x", 0).
Using equations (29), (32) and (38) we obtain
C i
id*d + d2a FEYn" —d— " (1 —ex =0 40
() rerm - og e e (40)
where we have defined
< c > _ *fMU(x/ - x”)uyv)/S
n-p & -8
* v C
¢t=ntt = VvV5< > (41)
n-p

n

(n) = —4ia< €
4

>(A(5§’) — AE").
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After some effort one obtains

(@ elm/?)y = 0. (42)
A similar calculation leads to
3" (D en/?) = 0. (43)
Hence
TA N — A(E”
@) = exptzai)| 20 =EED -, | (44)

From the form of®(x’, x”) it is clear that when goes to zero the transformation function
(x, s|x”, 0) goes tos(x" — x”). Thus the Green function of a neutral s@rparticle ina
plane-wave external electromagnetic field is given by

Go(x',x")y = —(m +iy"d', —ao - F()P (', x")

oo i 2 ! I\2
x/ ds exp(—ism?) exp|:—i(x x") ]
0 4s

(4rs)?
[ explis?)
= —CD(X , X )/(; dSW
. ()C, - x//)Z . i V
X exp[—l s i|(m —iy*d", —ao - F(£")) (45)

where in the last two lines the'-derivatives act on all the”-dependent terms on the left. The
Green function can be rewritten in a more compact form as follows. We showed that

(x',s]x”, 0) = @ (x', x") (x'] exp(isp?) [x"). (46)
Further, the form of the functiof® (x’, x”) allows us to rewrite the last equation in the form
(x',slx”, 0y = W(x',1d") (x| exp(isp?) |x" )W 1 (x",19") (47)
where the derivatives act gn’| exp(isp?)|x”) and we have defined
2ai
W(x, p) = exp(—>CA(g). (48)
n-p
Thus
(x',s|x",0) = (X'|W(x, p) eXIO(iSPZ)W_l(x, »Ix"). (49)
In fact, it is trivial to see that
2an*
wprwt = pt+ P F ) (50)
P
so that
—H=(p—ao-F)>=wp*w1 (51)
Hence

. °°dsexp(—ism2)
Go(x', x") = —/O T ms?

I 1\ 2
W (x, ia/)(m + @’ — X"

)/M(x/ — x”)pt
2s 4s

exp[—i ]W‘l(x”, —i9").

(52)
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Equation (51) suggests that one may directly relate the inverses of the operators
p —ao - F —m andp — m. One can verify that

Wy =y 220 2 ey, [ cos[2iA )] + % Sin[ZaA(E)]}VS (53)
so that
WiWw =t = 4. (54)
Hence using equation (50)
1 2aiiC
WpW " = p+ ——F(§). (55)
n-p
Since
i/iC:—%n'pa-f (56)
we obtain
Wp—m)y " Wil=(p—ao-F—-—m™ (57)

Although the above equation is true it would be difficult to obtain it without the use of the
second-order formalism and the proper time method.

4. Calculation of the Green function for a charged particle

In section 2 we showed that the Green function for a charged fermion with an anomalous
magnetic moment in a plane-wave electromagnetic field can be obtained from that of a neutral
fermion with an anomalous magnetic moment in the same field. Now we have shown that the
latter can be obtained from the free-particle Green function. Using equations (57) and (12) we
obtain

G=UVW(Qp-—m wuvw)™ (58)
An equivalent form of equation above may be obtained by using the explicit form of the
operatorW. We have

W = cos[ZziA(§)] + ni% sinf2aA(§)]. (59)

We may define the operatof. and D_ where
(p—m)o - f=2(D+—C)

(60)
o f(p—m)=2(D_—C).
Thus
D, = '_if’wpvm _1%mo - f 61)
D_ =if*""pyy, — zmo - f.
It is easy to verify that
T (p—m) T t=p—ao-F—m)?! (62)
where
T+ — EXP[M]
n-p
. (63)
T = exp[w}
n-p
Thus

G=UVT_(p—m)Uuvr. L (64)
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5. Summary and discussion

In this paper we have obtained the Green function for a charged%spimicle with an
anomalous magnetic moment in an external plane-wave electromagnetic field. We also
showed how it is related to the free-particle Green function. We considered the case of plane
polarization. Corresponding results for the case of arbitrary polarization are easily obtained.

We can use our results to construct a complete set of solutions of the Dirac—Pauli equation
in the form

W(x) =UVW(x,id)Wo(x). (65)

whereWy(x) satisfies the free Dirac equation. Thus we have obtained a generalization of the
Volkov solution. An alternative form of the solution is obtained if we use equation (62), and
change the signs of andm to obtain

To(p—m)T-*=p—m—ao-F (66)
so that
W(x) = UVT_(x,i9)¥o(x) (67)

where the equivalence of the two forms of the solution becomes evident when we use
equation (60). Equation (67) corresponds to the result of Alan and Barut [6] when the Weyl
representation for the Dirac matrices is used.

As a final remark we observe that equation (65) also suggests that our use of the formal
operaton(n - p) 1 is justified by the observation that it needs to be well defined on the solutions
of the free Dirac equation. This is true for the# 0 case.
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